With amplitude modulated excitation, the effect on chaotic behavior of Φ 6 -Rayleigh oscillator with three wells is investigated in this paper. The Melnikov theorem is used to detect the conditions for possible occurrence of chaos. The results show that the domain of the appearance of chaos is enlarged as both amplitudes of modulated and unmodulated forces increase. The effect of these two amplitudes, when both frequencies of modulated and unmodulated forces are different, on bifurcation diagram and Poincaré map is also investigated, in addition to the surface of Maximal Lyapunov exponent versus modulated and unmodulated parameters for suppressing chaos being shown.
Introduction
The Φ 6 -Rayleigh oscillator, we consider, is a onedegree-of-freedom nonlinear oscillator having both homoclinic and heteroclinic orbits driven by an amplitude modulated force. The equation of motion of the system can be written aṡ
y = (c 1 − c 2 y 2 )y − dV (x) dx
where V (x) is the Φ 6 potential and is given by
c 1 and c 2 represent damping coefficients terms, ω 0 the natural frequency, λ and β quantifying the nonlinearity of stiffness, d 1 is the unmodulated carrier amplitude, 2d 2 is the degree of modulation, Ω 1 and Ω 2 are the two frequencies of the force. This type of signal (d 1 + 2d 2 sin Ω 2 t) cos Ω 1 t can be used in communication where the information signal is chosen to be an incoming amplitude modulated signal [Sihem et al., 2007; Cessaca & Sepulchre, 2006] . Also, experimentally stochastic resonance in a nonlinear bistable nanomechanical doubly clamped beam resonator was achieved using amplitude modulated signal voltage [Almog et al., 2007] . The study of the system described by Eq. (1) is of fundamental and even of practical interest. Moreover, an understanding of the dynamical behaviors of the system will be directly useful in nonlinear oscillations. Therefore, it is worthwhile to undertake a detailed discussion of the system. Some numerical and analytical results do exist for some particular cases of this system, containing a combined self-excitation and cubic-quintic terms, i.e. d 2 = 0.
To study a transition to the chaotic region of vibrations and the corresponding critical parameters, the Melnikov theory [Melnikov, 1963; Guckenheimer & Holmes, 1983; Wiggins, 1988; Holmes, 1979] is often advocated. When the system (1) is free of amplitude modulation i.e. d 2 = 0, it has been studied by Li and Moon [1990] who derived necessary conditions for chaos resulting from the homoclinic and heteroclinic bifurcations by Melnikov technique and obtained the experimental criterion for chaotic motion. Their experimental system consists of an elastic beam vertically clamped at the upper end to a frame, and three permanent magnets fixed at the base platform of the frame. Resonance and nonresonance oscillations using the multiple-time scale method have been analyzed [Siewe et al., 2004] . Also, from the Melnikov theorem, they obtained the condition for the existence of homoclinic bifurcation both in the case where the Φ 6 potential is a bounded or unbounded double hump. A convenient demonstration of the accuracy of the method was obtained from the fractal basin boundary.
Horseshoe is the occurrence of transverse intersection of stable and unstable manifolds of a saddle fixed point in the Poincaré map and is a global phenomenon. Its appearance can be predicted analytically employing the Melnikov technique [Chacón, 2001; Yushu & Jian, 1995; Chacoń et al., 2001; Ravichandran et al., 2009] . Recently, this method has been applied to certain nonlinear systems. Control of the homoclinic and heteroclinic bifurcations in double-well oscillators by a second sinusoidal force has been studied in [Cao, 2005] . Holmes-Melnikov criteria for chaotic motion of the triple well potential oscillator has been analytically obtained in [Chacoń & Bejarano, 1995] . The method has been applied to nonperiodic perturbation also [Castilho & Marchesin, 2009] . As a matter of fact, chaos control may have a dual function: to generate chaos or to suppress it [Chacón et al., 2001; Cao, 2004; Litak et al., 2007; Siewe et al., 2006; Zambrano et al., 2006] .
In contrast to the periodically driven system, to our knowledge, the problem of amplitude modulated force (AMF) of system (1) has not been investigated at present. Recently, [Ravichandran et al., 2007] studied homoclinic bifurcation and transition from regular to asymptotic chaos in Duffing oscillator subjected to an AMF both analytically and numerically. By applying the Melnikov analytical method, the threshold condition for the occurrence of horseshoe chaos was obtained. Also, the possibility of suppression of jamming and stochastic resonance by AMF in FitzHugh-Nagumo and Lorenz equations have been investigated in [Lai et al., 2004] . The nonlinear response of a system with cubic and quintic nonlinearities to an amplitudemodulated excitation whose carrier frequency is much higher than the natural frequency of the system has been studied in [El-Bassiouny, 2007] . It is shown that when a nonlinear system is subjected to an external excitation centered at a frequency much higher than its own natural frequency, the system averages the excitation, smoothing away the high-frequency carrier but leaving behind any lowfrequency variations.
Our aim in this paper is to explore the effect of AMF on homoclinic bifurcation and associated chaotic behavior of the system (1) with a threewells potential employing both Melnikov analytical technique and numerical simulation. Figure 1 shows an example of a three-wells potential.
In the absence of damping and external force the unperturbed system with three wells has two saddles and three elliptic fixed points. An interesting aspect relevant to our study is the existence of exact analytical solutions of the homoclinic orbits connecting each saddle to itself and the heteroclinic orbits connecting the two saddles. Thus, it is possible to apply the Melnikov method to the threewells case and analytically study the occurrence of horseshoe chaos. The plan of the paper is as follows. In Sec. 2, we apply the Melnikov method to system (1) and obtain the Melnikov function separately for the cases of homoclinic and heteroclinic orbits. In Sec. 3, we obtain the threshold curves for onset of horseshoe chaos in different parameters space for both Ω 1 = Ω 2 and Ω 1 = Ω 2 from the Melnikov function. In Sec. 4, we verify the analytical predictions through numerical simulation. Finally, in Sec. 5, we present the summary and conclusion of the paper.
Melnikov Function of the System
First, scaling c 1 = εc 1 , c 2 = εc 2 , d 1 = εd 1 and d 2 = εd 2 where 0 ≤ ε ≤ 1 then dropping the tildes and consider the unperturbed system i.e. ε = 0, which is given by 
We are interested in the system with three wells (see Fig. 1 ). The shape of the potential V (x) given by Eq. (2) depends on the parameters ω 2 0 , λ and β. It becomes a three-wells potential for ω 2 0 , β > 0, λ < 0 and 4ω 2 0 β < λ 2 . Figure 2 shows an example of phase portrait of the unperturbed system. In this figure we can notice two different types of orbits:
(i) A symmetric pair of homoclinic trajectories connecting each saddle point to itself given by
(ii) Heteroclinic orbits connecting the two saddle points given by
In Eqs. (4) and (5)
In Eqs. (4) and (5), the signs refer to the upper and lower half-planes. Both solutions determine the separatrix orbit, since it separates two types of orbits in phase space, the plus sign refers to the hetero/homoclinic trajectory with x ho , x he > 0 and the minus sign refers to the hetero/homoclinic trajectory with x ho , x he < 0.
Turning our attention to the perturbed system, i.e. ε = 0 in order to apply the Melnikov technique to the Rayleigh oscillator with amplitude modulated force we rewrite its equation of motion in the standard forṁ
The Melnikov function for the system (7) is
where
. By symmetry, the expressions for M − (t 0 ) and M + (t 0 ) are identical. Homoclinic bifurcations occur when M (t 0 ) has simple zeros and changes its sign. These provide a condition to the first-order of perturbation theory, that the stable and unstable manifolds intersect transversely.
For the homoclinic orbits, the Melnikov function becomes
and
For the heteroclinic orbits, i.e. the case in which the particle moves in the middle-well, the Melnikov function is obtained as
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Homoclinic and Heteroclinic Bifurcations
In this section using the Melnikov functions obtained in the previous section we analyze the occurrence of homoclinic and heteroclinic bifurcations. First, we consider the system with d 2 = 0. In this case the necessary condition on the parameter d 1 for homoclinic bifurcation is
For d 1 > d 1ho chaos in the sense of Smale horseshoe transform will occur. The homoclinic bifurcation will occur at d 1 = d 1ho . Replacing the subscript "ho" in Eq. (15) by "he" we get the threshold condition for transverse intersections of stable and unstable manifolds of heteroclinic orbits. In order to display explicitly the chaotic and stable motion regions, with c 1 = 0.05, c 2 = 0.02, we plot d 1ho as a function of Ω 1 in Fig. 3 . In this figure, below the threshold curve the stable and unstable manifolds of the homoclinic orbits in the left-well and also in the right-well are well separated and in this region the system exhibits periodic motion. Above the threshold curve the stable and unstable branches of the homoclinic orbits intersect transversely. In this case, the system is expected to show asymptotic chaos or a long transient chaos. Figure 3 is helpful to choose appropriate values of d 1 and Ω 1 in controlling or using chaos. We restrict our study to Ω 1 ∈ [0, 2π]. The U shape threshold curve repeats. We denote d 1n as the numerical threshold value at which either onset of asymptotic chaos or a long transient chaos followed by a periodic motion occurs.
For Ω 1 = 0.5 and 1 the values of d 1ho are 0.14 and 0.11, respectively while d 1n are 0.12 and 0.15, respectively. Now, we further discuss suppressing of chaos under the condition d 2 = 0 and Ω 1 = Ω 2 . In this case, since it is difficult to find the necessary condition like Eq. (15) on the parameter space for homoclinic bifurcation, only numerical simulation is adopted here. Since I − ho = 0 the last term on the right-hand side of Eq. (9) is zero. In Fig. 4(a) Next, we consider heteroclinic bifurcation. The bifurcation curves for heteroclinic orbits in the (Ω 1 = Ω 2 , d 1 ) parameter space for d 2 = 0, 0.5 and 1 are plotted in Fig. 6(a) . As Ω 1 increases, the d 1he monotonically increases with Ω 1 , however, we notice peaks at Ω 1 = Ω 2 /2 and Ω 2 . These peaks are weak for small values of d 2 . For d 2 = 0.1, Ω 2 = 0.5 and Ω 1 = 0.75 and 0.8, we find d 1he = 2.12 and 2.29, respectively whereas d 1n = 2.13 and 2.46, respectively. The occurrence of zeros of M in Eq. (12) depends on the last three terms when Ω 1 or Ω 2 is varied. When Ω 1 /Ω 2 is a rational number then the frequencies of the sinusoidal terms in Eq. (12) commensurate with each other leading to delay in the crossing of M to the value zero. Consequently, there is a relatively sharp increase in the Melnikov threshold value compared to the nearby frequency values.
Numerical Results of Regular
and Chaotic Dynamics of the Φ 6 -Rayleigh Oscillator when
The main purpose of this section is to show that the qualitative behavior of the solution of the extended Rayleigh-Duffing equation generates a complex behavior that directly depends on the amplitude and frequency of the modulated force. We now use the numerical simulations including bifurcation diagram and Poincaré map for examining the complicated behaviors of Eq. (1) Fig. 9(d) . As expected, the attractor of the system for smaller modulated and unmodulated amplitudes tends to occupy a small region in phase space. The parameters were those from Fig. 8 .
The maximal Lyapunov exponent characterize quantitatively the asymptotic rate of exponential convergence or divergence of nearby orbits in phase space. Exponential divergence of nearby orbits implies that the dynamical behavior is sensitive to initial conditions. A positive maximal Lyapunov exponent for a bounded attractor is usually a sign of chaos. The surface of Maximal Lyapunov exponent versus d 1 and d 2 has been given in Fig. 10 for the suitable match range of d 1 and d 2 for suppressing chaos. From Fig. 10 , the regular (marked by gray 
Conclusion
The effect of an amplitude modulated force perturbation on the regular and chaotic motion of extended forced Duffing-Rayleigh oscillator possessing both homoclinic and heteroclinic orbits is studied. Based on homoclinic or heteroclinic bifurcations the domain for the onset of chaotic motion is derived analytically and numerically by the Melnikov method when the frequency of the unmodulated and modulated force are in the resonance states (i.e. Ω 1 = Ω 2 ), which can be used to depict the bifurcation curve in different parameter space and to establish the threshold of parametric amplitude for the onset of chaos. The results show that the amplitude of modulated and unmodulated force can enhance the bifurcation diagrams and diffuse the chaotic attractor. The chaotic motion of the extended and forced Duffing-Rayleigh oscillator can be enhanced by the modulation amplitude, which is further verified by bifurcation diagram and Poincaré maps. Finally, when looking for the parameter values where the oscillations undergo and become chaotic, one finds that these phenomena are closely connected with the amplitude of the modulated force as shown by the bifurcation diagrams when Ω 1 = Ω 2 .
